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UNIVERSITY OF CRETE – DEPARTMENT OF MATHEMATICS AND APPLIED MATHEMATICS
Problem Set No 16

Solutions

1. If E ⊆ [0, 2π] and ξn ∈ R is any sequence show thatw
E

cos2(nx+ ξn) dx → 1

2
|E|.

Use the Riemann-Lebesgue Lemma .

Solution: Observe first that if ϕn is any real sequence and f ∈ L1(T) then 
f(x) cos(nx+ ϕn) dx → 0, as |n| → ∞.

This is immediate from the Riemann-Lebesgue lemma as the above integral is equal to
1

2

(
f̂(−n)eiϕn + f̂(n)e−iϕn

)
.

Next write

cos2(nx+ ξn) =
1

4

(
ei(nx+ξn) + e−i(nx+ξn)

)
=

1

2
+

1

2
cos(2(nx+ ξn)),

which implies w
E

cos2(nx+ ξn) dx =
w
E

1

2
+

1

2

w
χE(x) cos(2(nx+ ξn)) =

1

2
|E|+ o(1),

as we had to show.

2. If 0 < α < β < 1 construct a function f which is Lip-α but not Lip-β.

Solution: For η ∈ (0, 1) let
fη(x) = xη, for x ∈ [0, 1].

Then, for x > 0, f ′
η(x) = ηxη−1 and by the Mean Value Theorem and for 0 < h < 1 we have for some ξ ∈ [x, x+ h]

fη(x+ h)− fη(x) = f ′
η(ξ)h = ηξη−1h = η

(
h

ξ

)1−η

hη.

If h ≤ x then
(

h
ξ

)1−η

≤ 1 so that in that case we have fη(x+ h)− fη(x) ≤ ηhη. If x < h then fη(x+ h)− fη(x) ≤
(x+ h)η ≤ 2ηhη. So whenever x > 0 we have fη(x+ h)− fη(x) ≤ 2ηhη.
For x = 0 we have

fη(0 + h)− fη(0) = hη,

so for all x ∈ [0, 1] we have proved that fη(x + h) − fη(x) ≤ 2ηhη , so that fη ∈ Lip-η. Checking the difference
fη(x+ h)− fη(x) for x = 0 shows immediately that this function cannot be in any higher Lip-η′ (i.e. for η′ > η).

3. If a function f ∈ C(T) is Lipschitz-α for some α > 1 show that the function is necessarily constant.
If x ̸= y show that g(x) = g(y) writing

|g(x)− g(y)| ≤ |g(x)− g(x+ δ)|+ |g(x+ δ)− g(x+ 2δ)|+ · · ·+ |g(x+ (n− 1)δ)− g(y)|,
where δ = (y − x)/n.

Solution: Following the hint, assuming g satisfies the inequality |g(x+ h)− g(x)| ≤ Mhα,

|g(x)− g(y)| ≤ Mnδα = M
|y − x|

δ
δα = M |y − x|δ1−α.

The upper bound can be made arbitrarily small be choosing n large so we have proved g(x) = g(y) for arbitrary
x, y.
Alternatively one can show that g is differentiable and that the derivative is 0 everywhere, just by applying the

definition of the derivative.


