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JewrÐa Mètrou

Pr¸to Diag¸nisma

1. (a) 'Estw f : X → R, ìpou X ènac q¸roc me mètro µ. DeÐxte ìti an ta sÔnola

{x ∈ X : f(x) > α}, (α ∈ Q),

eÐnai metr sima tìte h sun�rthsh f eÐnai metr simh (dhl. h sunj kh α ∈ Q mporeÐ na apaleifjeÐ).
(b) Qrhsimopoi¸ntac to (a) deÐxte ìti �jroisma metrhsÐmwn sunart sewn apì ton X sto R eÐnai metr simh.

2. (a) An f ∈ Lp(µ), 0 < p < ∞, deÐxte ìti

µ{x : |f(x)| > λ} ≤ λ−p

∫
|f |pdµ.

(b) DeÐxte ìti den isqÔei h �nw anisìthta an o ekjèthc tou λ sto dexÐ mèloc antikatastajeÐ apì èna arijmì
−q, me q > p. (Upìdeixh: Exet�ste th sun�rthsh f(x) = x−α1 (x > 1), gia kat�llhlec timèc tou α, kai gia
to mètro Lebesgue sto R.)

3. 'Estw X sumpag c metrikìc q¸roc kai µ peperasmèno jetikì Borel mètro p�nw ston X. Upojètoume
epÐshc ìti µ({x}) = 0 gia k�je x ∈ X. DeÐxte ìti gia k�je ε > 0 up�rqei δ > 0 ¸ste an h di�metroc tou
Borel sunìlou A eÐnai < δ tìte na èpetai µ(A) < ε.

4. 'Estw p1, p2, p3 arijmoÐ sto di�sthma (1,∞) tètoioi ¸ste 1
p1

+ 1
p2

+ 1
p3

= 1, kai f, g, h metr simec
sunart seic s'èna q¸ro mètrou (X, µ). DeÐxte ìti∣∣∣∣∫
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.

5. JewreÐste wc dedomènh thn anisìthta Hölder gia genikoÔc q¸rouc mètrou kai deÐxte me leptomèreiec p¸c
aut  sunep�getai thn anisìthta∣∣∣∣∣
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,

gia aj, bj ∈ C, wj ≥ 0 kai 1
p

+ 1
q

= 1.


