
SIMULTANEOUS TILING

MIHAIL N. KOLOUNTZAKIS

Abstract. We discuss problems of simulta-
neous tiling. This means that we have an ob-
ject (set, function) which tiles space with two
or more different sets of translations. The
most famous problem of this type is the Stein-
haus problem which asks for a set simultane-
ously tiling the plane with all rotates of the
integer lattice as translation sets.
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§1. Tiling by translation. For the purposes of
this paper 1 tiling is by translation only [16]. We
have an object T (the tile) which may be a set or a
function on some abelian group G (usually the Eu-
clidean space but it may be Zd or a finite group)
which we are translating around by a set of trans-

Figure 1. An L-shaped tile. The red
point is the origin

lations Λ, in such a way that everything in the
group G is covered exactly once, with the possi-
ble exception of a set of zero Haar measure, to ac-
count for such irrelevant things such as boundaries
overlapping, which we generally do not care about.
One convenient way to define tiling by a function
f (which can be an indicator function, if we want
tiling by a set) when translated at the locations Λ
is to demand that
(1)

∑
λ∈Λ

f (x − λ) = const.,

for almost all x ∈ G. To avoid most issues of conver-
gence it makes sense to ask that f ≥ 0, though some
interesting problems do arise with signed f [20].

1This is a survey paper which contains no new results.
Many of the results and questions in this paper are from [21]
on parts of which this paper is heavily based.
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Figure 2. A translational tiling by
the L-shaped region. The red points
are the translation set.

§2. Tiling in Fourier space. It is easy to see that
(1) may be rewritten as a convolution
(2) f ∗ δΛ = const.
where δΛ =

∑
λ∈Λ δλ is the measure that encodes the

locations Λ by placing a unit mass on each of them.
Taking the Fourier Transform of this we obtain

Figure 3. The collection δΛ of point
masses that encodes the set Λ

(3) f̂ δ̂Λ = Cδ0.

This implies that the tempered distribution δ̂Λ is
supported on the zeros of f̂ plus the origin

(4) supp δ̂Λ ⊆
{

f̂ = 0
}
∪ {0}.

Let us now restrict ourselves to the case of G = Rd

and Λ ⊆ Rd being a lattice Λ = AZd, where A is a
non-singular d × d matrix. The Poisson summation
formula reads

δ̂Λ =
1

|det A|δΛ∗
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in this case, where Λ∗ = A−⊤Zd is the dual lattice of
Λ, so the tiling of f with Λ becomes equivalent to

f̂ (λ∗) = 0 for all λ∗ ∈ Λ∗ \ {0}.

0Λ: 0Λ∗:

Figure 4. A lattice Λ and its dual Λ∗

§3. The Steinhaus tiling problem. In the
Steinhaus tiling problem we are seeking a tile that
can tile simultaneously with many different sets of
translations. The most important case is: can we
find a subset of the plane which can tile (by trans-
lations) with all rotates of the integer lattice Z2?
In some sense we are asking for a set in the plane
that can behave simultaneously like all these ro-
tated squares (Fig. 5). There are two major vari-

Figure 5. The rotated squares are
fundamental domains of all rotates
of Z2
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ations of the Steinhaus problem: the measurable
and the set-theoretic case. In the measurable case
we demand our tile to be a Lebesgue measurable
subset of Rd and we are, at the same time, relaxing
our requirements and are allowing a subset of mea-
sure 0 of space not to be covered exactly once by the
translates of the tile. In the set-theoretic case we
allow the tile to by any subset and we typically ask
that every point is covered exactly once, allowing no
exceptions.

Komjáth [22] answered the Steinhaus question
in the affirmative in R2 when tiling by all rotates
of the set B = Z × {0} showing that there are such
Steinhaus sets (but such a set A cannot be mea-
surable as was shown recently in [18]). Sierpin-
ski [26] showed that a bounded set A which is ei-
ther closed or open cannot have the lattice Stein-
haus property (that is, intersect all rigid motions of
Z2 at exactly one point – another way to say that A
tiles precisely with all rotates of Z2). Croft [5] and
Beck [1] showed that no bounded and measurable
set A can have the lattice Steinhaus property (but
see also [23]). Kolountzakis [14, 13] and Kolountza-
kis and Wolff [19] proved that any measurable set in
the plane that has the measurable Steinhaus prop-
erty must necessarily have very slow decay at in-
finity (any such set must have measure 1). In [19]
it was also shown that there can be no measurable
Steinhaus sets in dimension d ≥ 3 (tiling with all ro-
tates ρZd, where ρ is in the full orthogonal group)
a fact that was also shown later by Kolountzakis
and Papadimitrakis [17] by a very different method.
See also [3, 24, 4, 27]. Kolountzakis [15] looks at
the case where we are only asking for our set to
tile with finitely many lattices, not all rotates as
in the original problem, which we are also doing in
this paper. In a major result Jackson and Mauldin
[11, 10] proved the existence of Steinhaus sets in the
plane which tile with all rotates of Z2 (not neces-
sarily measurable). Their method does not extend
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to higher dimension d ≥ 3. See also [25, 12]. It was
also shown in [18] that a set A which tiles with all
rotates of a finite set B cannot be measurable.

§4. The Steinhaus problem in Fourier space.
Most of the results on the measurable Steinhaus
problem start by observing that if E ⊆ R2 is Stein-
haus then every rotate RθE of E tiles withZ2, which
means that for every angle θ the Fourier Transform
1̂RθE vanishes on Z2 \ {0} since Z2 is the dual lat-
tice of itself. This implies that 1̂E vanishes on all
rotates of Z2. In other words 1̂E vanishes on all cir-
cles centered at the origin that go through at least
one integer lattice point. The number of these cir-

Figure 6. The Fourier Transform of
any Steinhaus set must vanish on all
circles centered at the origin that go
through at least one integer lattice
point

cles is large. There are a little less than O(R2) such
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circles of radius≤ R. Many zeros of a function some-
times imply decay at infinity, and, by the usual un-
certaintly principle (both f and f̂ cannot decay fast
at infinity), since 1̂E is small at infinity it follows
that 1E is large (e.g., E cannot be bounded).

§5. Allowing functions instead of sets in the
Steinhaus problem. Let us now relax our re-
quirements and allow our tile to be a function in-
stead of a set (instead of indicator function, in other
words). Satisfying the requirements of the Stein-
haus tiling problem with a function is generally
much easier than with a set. The problem becomes
interesting only if one asks for further properties
that this function should have. Therefore we try
to find a function with small support, or to prove
that the support of such a function must necessar-
ily be large. Asking for f to have a small support
goes against f having the ability to tile space, es-
pecially with many different sets of translations T.
The reason is that for f to tile by translations with
T its Fourier transform must contain a rich set of
zeros [16]. This set of zeros must be able to support
the Fourier transform of the measure δT =

∑
t∈T δt

(which encodes the set of translations). By the well
known uncertainty principle in harmonic analysis
a rich set of zeros for f̂ usually requires (in various
different senses) a large support for f [9].

It is very easy to take f̂ to vanish on the required
circles, but one must do it in a way that ensures that
f is itself small in some sense, such as the diameter
of its support or the volume of its support.

§6. Small diameter of the support: lower
bounds. The first thing that comes to mind is
to take f to be a convolution. It takes a moment to
verify that if f tiles with a set of translates T then
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so does g∗ f for any g ∈ L1(Rd). One can either verify
this by checking the definition of tiling for g∗ f or ob-
serve that tiling is a condition that can be checked
on the Fourier side [16] and ĝ ∗ f = ĝ · f̂ has an even
richer set of zeros that f̂ .

So, since f̂ has to vanish on the dual lattices Λ∗i \
{0} we can take
(5) f = 1D1 ∗ 1D2 ∗ · · · ∗ 1DN ,

where Di is a fundamental parallelepiped of Λi.
Since Di + Λi is a tiling it follows that 1̂Di vanishes
on Λ∗i \ {0} and that f vanishes on their union and
hence tiles with all Λi. This can be slightly gener-
alized by taking, instead if the indicator functions
1Di any function fi that tiles with Λi

(6) f = f1 ∗ f2 ∗ · · · fN.

Figure 7. The fundamental doamins
of several lattices. A constant frac-
tion of them project to a set of large
diameter onto one of the coordinate
axes.

The following observation (see detailed proof in
[21]) was already made in [19] in the case fi = 1Di .

Theorem 1. If Λ1, . . . ,ΛN are lattices in Rd of vol-
ume c1 ≤ volΛi and f = f1 ∗ f2 ∗ · · · ∗ fN then
(7) diam supp f ≥ CdN.

The reason is that a constant fraction of the sup-
ports of the fi project onto a constant fraction of
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their diameter onto some line, say one of the axes.
This implies (obvious if the fi are nonnegative; one
needs the Titchmarsh convolution theorem in the
general case) that so does the support of the con-
volution f = f1 ∗ · · · ∗ fN (shown in Fig. 7 for the fi
being the indicator functions of fundamental paral-
lelepipeds of the lattices).

If the lattices Λi satisfy some “roundness” as-
sumption, e.g. if each Λi is assumed to have a
fundamental domain of diameter bounded indepen-
dent of N (as in the important case when all the lat-
tices are rotates of Zd), then the convolution tile (5)
has diameter which is also at most C ·N.

On the other hand we have the following rather
general lower bound for the diameter of the support
[19] assuming only a certain genericity assumption
(8) on the Λi.

Theorem 2. If Λ1, . . . ,ΛN ⊆ Rd, d ≥ 1, are lattices
of volume equal to 1 such that

(8) Λi ∩Λ j = {0} for all i , j,

then if f tiles with all these lattices we have

(9) diam supp f ≥ CdN1/d.

The main question is therefore:
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Question 1. Can the gap between the lower
bound (9) and the linear upper bound O(N)
achievable by the convolution tile (5) (in the
case of “round” lattices, having fundamental
domains bounded in diameter by a constant)
be bridged?
Are there examples of lattices Λi, i =
1, 2, . . . ,N, satisfying (8) and a non-zero func-
tion f ∈ L1(Rd) that tiles with all Λi and such
that

diam supp f = o(N)?
In other words, do there exist collections of lat-
tices for which a common tile f can be found
which is diameter-wise more efficient than the
convolution construction (5)?

§7. A case of large diameter. We observe now
[21] that for some collections of lattices the lin-
ear upper bound cannot be improved. The lattices
given are both “round” (have a fundamental domain
bounded independent of N) and satisfy the generic-
ity assumption (8). There are however collinearities
so, in some sense, this is not a generic situtation.

Theorem 3. For d ≥ 1 and for each N there are
lattices Λ1, . . . ,ΛN ⊆ Rd, of volume 1, such that if
f ∈ L1(Rd),

∫
f , 0, tiles with all of them then

diam supp f ≥ CdN.

Proof. We give the proof in the case d = 2. It works
with obvious changes in all dimensions d > 2 and it
is even easier in dimension d = 1.

Take Λ∗i to be generated by the two vectors

ui = (0, ai), vi = (1/ai, 0),
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Figure 8. The fundamental rectan-
gles of the lattices of Theorem 3
which have only very long common
tiles.

where the numbers a1, . . . , aN are linearly indepen-
dent over Q and

0.9 < ai < 1.

If f tiles with all Λi then f̂ vanishes on all points of
the form

(0, k · ai), i = 1, 2, . . . ,N, k ∈ Z \ {0}.
Since all these points are different it follows that
the density of zeros on the y-axis is ≥ C · N. This
implies that

diam suppπ2( f ) ≥ C ·N
(say, by Jensen’s formula) where π2( f ) is the one-
variable function

π2( f )(y) =
∫
R

f (x, y) dx.

(This is not an identically zero function by our as-
sumption on the integral of f .) This in turn implies

diam supp f ≥ C ·N.
□

§8. Small volume of the support. Another mea-
sure of the size of the support is its volume. Can we
construct a common tile f for the lattices Λi such
that

∣∣∣supp f
∣∣∣ is small?
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In the case of f given by (5) it is clear that
supp f = D1 +D2 + . . . +DN.

To keep things concrete let us assume that all |Di| =
1 in (5) (unimodular lattices). Then the Brunn-
Minkowski inequality [7] says that∣∣∣supp f

∣∣∣ = |D1 + · · · +DN |

≥
(
|D1|1/d + · · · + |DN |1/d

)d
≥ Nd.

This lower bound ∣∣∣supp f
∣∣∣ ≥ CNd

clearly holds also for functions of the form
(10) f = f1 ∗ f2 ∗ · · · ∗ fN, fi ≥ 0,

where for all i = 1, 2, . . . ,N we assume that the non-
negative function f tiles with Λi.

We have proved [21]:
Theorem 4. For any collection of latticesΛ1, . . . ,ΛN
in Rd of volume at least 1 and any common tile f for
them of the form

f = f1 ∗ f2 ∗ · · · ∗ fN, fi ≥ 0,

with fi tiling with Λi, we have∣∣∣supp f
∣∣∣ ≥ Nd.

But when the functions f are signed (or complex)
we only have

supp f ⊆ supp f1 + · · · supp fN,

not necessarily equality, which brings us to the next
question.

Question 2. If f is given by (10), is it true
that
(11)

∣∣∣supp f
∣∣∣ ≥ CNd?
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If one requires that the latticesΛ1,Λ2, ...,ΛN ⊂ Rd

have the same volume, say 1, and the sum Λ∗1 +
Λ∗2 + ... + Λ

∗
N of their dual lattices is direct, then, by

[15, Theorem 2], they possess a measurable com-
mon almost fundamental domain E (generally un-
bounded).See Fig. 9. In this case, |E| = vol (Λi) = 1.

Move by λ1 Move by λ2

Figure 9. How to rearrange the fun-
damental domains of two lattices so
that they agree almost everywhere
[15, Theorem 2]. One breaks up
the two domains into smaller and
smaller parts, then moves each by a
vector in its own lattice so that they
agree almost completely.

So then one can take f = 1E, which tiles with all Λi,
i = 1, 2, ...,N, with |supp f | = |E| = 1.

Motivated by the previous observation, but now
dropping the equal volume assumption, we ask the
following:
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Question 3. Consider the lattices
Λ1,Λ2, ...,ΛN, with 1

2 ≤ vol (Λi) ≤ 2. Is
there a function f that tiles with all Λi, such
that

|supp f | = o(Nd)?

Question 4. In the case when Λ1, . . . ,ΛN all
have volume 1 and satisfy some sort of gener-
icity condition, such as Λ∗1 + · · ·Λ∗N being a
direct sum, as in [15, Theorem 2], can the
common fundamental domain of the Λi be
bounded? In the construction of [15, Theorem
2] the unboundedness is unavoidable, but is it
in the nature of things?

§9. Small length of the support in d = 1. In
the simplest case in dimension d = 1, and for two
lattices only, a basic question is to ask if the convo-
lution (10) is best in terms of the length of the sup-
port. Here we can give [21] a simple lower bound
assuming a nonnegative function.

Theorem 5. Suppose the nonnegative f : R → R≥0

is measurable and tiles with both Λ1 = Z and with
Λ2 = αZ, where α ∈ (0, 1):

(12)
∑
n∈Z

f (x − n) = 1,
∑
n∈Z

f (x − nα) =
1
α
,

for almost every x ∈ R. Then

(13)
∣∣∣supp f

∣∣∣ ≥ ⌈ 1
α

⌉
α ≥ 2α.

Remark 1. If we assume the first equation in (12)
then the constant in the second equation is forced
to be 1/α. This is because

∫
f = 1 (from the first

equation), so repeating f at a set of translates of
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density 1/α will give a constant (assuming it tiles)
at that level.

Remark 2. Notice that if α is just a little less than
1 then (13) gives a lower bound of 2α, which shows
that the convolution 1[0,1] ∗1[0,α] is almost optimal in
this case, having support of size 1 + α.

But if, on the other hand, α is just over 1/2 then
the lower bound is just over 1 but the convolution
upper bound is just over 3/2, a considerable gap.

Proof. From the first equation in (12) it follows that
f (x) ≤ 1 for almost every x. For the second equation
to be true it therefore follows that for almost every
x ∈ R there are at least ⌈1/α⌉ different values of
n ∈ Z such that f (x − nα) > 0. Using this for almost
all x ∈ [0, α) (which ensures that for different x the
locations x − nα are also different) gives (13).

□

Question 5. What is the least possible length
of the support of f for a nonnegative f that
tiles with both Z and αZ?

§10. Very small diameter of the support with
relations among the lattices. If we have N lat-
tices

Λ1, . . . ,ΛN ⊆ Rd

we can find a function that tiles with them all,
namely the function f in (5). If our lattices are as-
sumed to each have a fundamental domain bounded
by ∼ 1 then diam supp f = O(N), and this cannot be
improved for functions f arising from (5). We show
here [21] that we can choose the latticesΛ j so that a
common tiling function exists which is much more
tight than that, tighter even than what Theorem 2
imposes. Of course our lattices will not satisfy the
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genericity condition (8) of Theorem 2, but will sat-
isfy a lot of relations (their intersection will be a
large lattice, in terms of density).

Fix a large prime p and consider the group Zd
p.

Any nonzero element g of this group generates a
cyclic subgroup of order p. It follows that Zd

p has

pd − 1
p − 1

∼ pd−1 =: N

different cyclic subgroups. For each such subgroup
G, which we now view as a subset of {0, 1, . . . , p − 1

}d,
consider the lattice

ΛG = (pZ)d + G.

This contains the lattice Λ = (pZ)d and has volume

Figure 10. How we construct the
(pZ)d-periodic set ΛG from the sub-
group G of Zd

p

volΛG =
vol (pZ)d

|G| = pd−1 = N.

The function f = 1[0,p)d , [0, p)d being a fundamental
domain of Λ, tiles with Λ and, therefore, with any
larger group, so f is a common tile of all ΛG.

In order to make the volume of the ΛG equal to 1
we shrink everything by N1/d:

Λ′G = N−1/dΛG, f ′(x) = f (N1/dx).
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So we have ∼ N lattices Λ′G of volume 1 and a com-
mon tile f ′ for them with

diam supp f ′ = diam supp f ·N−1/d

=
√

d pN−1/d

=
√

d N
1

d−1−
1
d

=
√

d N
1

d(d−1) .

We have proved:

Theorem 6. In dimension d ≥ 2 and for arbitrarily
large N we can find N lattices of volume 1 and a
common tile f for them with

diam supp f = Od

(
N

1
d(d−1)

)
,

and, consequently, with

(14)
∣∣∣supp f

∣∣∣ = Od

(
N

1
d−1
)
.

Question 6. Derive a lower bound for
diam supp f , for f tiling with Λ1, . . . ,ΛN ⊆ Rd

and with f ≥ 0 (or just
∫

f > 0) under no alge-
braic conditions for the lattices Λ j, assuming
only that volΛ j ∼ 1.

Question 7. In Theorem 6 we have used the
cyclic subgroups of Zd

p because they are easier
to count. However the same argument could
be carried out using a larger class of sub-
groups, perhaps all of them. What is the esti-
mate that can be achieved this way to replace
(14)?

§11. Almost matching upper and lower bounds
for the diameter, d = 1. The construction that
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we used to prove Theorem 6 gives nothing in di-
mension d = 1. Yet, we can prove [21] that, if we
allow relations among the lattices, we can achieve
diam supp f = o(N) in dimension 1 as well.

Let us start by defining

λ j =
1

N + j
, Λ j = λ jZ, ( j = 1, 2, . . . ,N).

We will first construct a function f which tiles with
all the Λ j, j = 1, 2, . . . ,N, such that

diam supp f = o(1).

The Fourier transform of such an f must vanish on
the dual lattices

Λ∗j = λ
−1
j Z = (N + j)Z, ( j = 1, 2, . . . ,N)

except at 0. Write

U =
N⋃

j=1

(N + j)Z \ {0}.

By a result of Erdős [6] U, the set of integers
which are divisible by one of the integers in
{N + 1,N + 2, . . . , 2N}, has density tending to 0 with
N. Tenenbaum [28] has given the estimate that this
density is at most

(15) 1

logδ−o(1) N
,

where δ = 0.086071 · · · is an explicit constant.
It is an important result of Beurling [2] that if Λ

is a uniformly discrete set of real numbers of upper
density ρ then for any ϵ > 0 we can find a contin-
uous function f , not identically zero, supported by
the interval [0, ρ+ϵ] such that f̂ (λ) = 0 for all λ ∈ Λ.
We can even ask that f̂ (0) = 1 if 0 < Λ. By Tenen-
baum’s estimate (15) we can take ρ = log−δ+o(1) N
and the set U, being a set of integers and thus uni-
formly discrete, satisfies the assumptions of Beurl-
ing’s theorem, so there is a function f supported
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in the interval [0, log−δ+o(1) N], with integral 1, such
that f̂ = 0 on U. It follows that f tiles with all Λ j.

We now scale by a factor of N

f ′(x) = f (x/N), Λ′j = NΛ j,

diam supp f ′ = O(N log−δ+o(1) N)

and obtain the first half of the following theorem.

Theorem 7. We can find N lattices Λ j ⊆ R of with
volΛ j ∼ 1 and a function f with

∫
f > 0 and sup-

ported in an interval of length
N

logδ−o(1) N)

which tiles with all Λ j.
Furthermore, for any ϵ > 0 any such function f

must have
diam supp f ≳ϵ N1−ϵ.

Arguing similarly we can also prove the lower
bound for diam supp f in Theorem 7. If we assume
that f tiles with all Λ j = λ jZ, with, say, 1 ≤ λ j ≤ 2,
j = 1, 2, . . . ,N, then f̂ vanishes on

N⋃
j=1

λ−1
j Z \ {0}.

If this set is large then Jensen’s formula implies
that diam supp f is also large. It was proved in [8,
Theorem 1.1, special case ℓ = n] that, for any ϵ > 0,
the above union of arithmetic progressions contains
at least cϵN2−ϵ points in [0, 2N]. By Jensen’s for-
mula then we have diam supp f ≳ϵ N1−ϵ and this
completes the proof of Theorem 7.

Question 8. Can we ensure f ≥ 0 in the first
half of Theorem 7?
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